ON THE CATEGORY OF CERTAIN CLASSES
OF TRANSFORMATIONS IN ERGODIC THEORY()

BY
A. IONESCU TULCEA

The main purpose of this paper is to establish some category theorems for
certain classes of “‘invertible measurable and nonsingular transformations”
on the unit interval. We chose our setting to be that of the unit interval in
order to simplify the presentation (?). The paper is divided into two parts.
The first part contains the background material; here we make precise our
terminology and prove some preliminary results. The main result of Part I
is an approximation theorem (Theorem 1) which is used essentially in the
second part of the paper, but which may be of independent interest. In Part
IT we prove a category theorem for the positive invertible isometries of L'
(Theorem 2); from this in turn we derive our main conclusions (Theorem 3).
We wish to remark here that the proofs of our theorems are straightforward
and do not use, at any stage, the existence of the concrete examples con-
structed by D. S. Ornstein in [10] and by R. V. Chacon in [2]. From this
point of view our paper is independent of [10]and [2]. In a certain sense also,
Theorem 3 of this paper unifies and extends the results of [10] and [2]. We
wish to add, however, that we were largely inspired by [10], [2]and [3]and
wish to acknowledge our indebtedness to the ideas contained in these papers.

The principal results of this paper were announced in [7].

Part |
1. Let X=0, 1], % the os-algebra of Lebesgue measurable subsets of X,
u the Lebesgue measure. Let % be the vector space of all real-valued %-
measurable functions on X; & is endowed with the semi-distance

f—8l
9 —olf 9= [ ;] du.
(f.8) —»o(f 8 W1t TF—g] %
As is well known (see [4, p.178]), “‘convergence with respect to p’’ is equiv-
alent to “‘convergence in measure.” As usual, we shall denote with &~ the
vector space of all f & % that are essentially bounded and with &' the vec-
tor space of all f € % that are Lebesgue integrable; <! is endowed with the
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semi-norm f— |f|| = Jx|f|du. Denote by L' the associated Banach space
and by f— f the canonical mapping of £ ' onto L'.

To simplify our notation, we shall use the term ‘“‘automorphism” for an
“invertible measurable and nonsingular transformation” on the unit inter-
val. Specifically, we shall call automorphism any bijective mapping r of X
onto X satisfying the following conditions:

(i) if EE€ %, then 7(E) € #and + ((E) € %,

(i) if A € % and u(A)=0, then u(r(A))=pu(r"'(A))=0.

The set </ of all automorphisms is a group for the usual composition
(71,72) — 710 75; we shall denote with e the unit element of this group. For
7,72 € ¥ we shall write r,=7, if u({x|7,(x)#72(x)})=0; this defines an
equivalence relation R in &/ compatible with the group structure of .
Denote by r—7 the canonical mapping of & onto the quotient group
Y /R.

Let now AL', L") be the algebra of all continuous linear mappings of
L'into L'. For T €Z(L', L") and f EL" we shall denote by Tf a represen-
tative of the class Tf Let ¥ be the set of all positive invertible isometries
of L', that is the set of all T € £ (L', L) such that: (j) | Tf| = If] for
eachfE€ L (jj) T(LY =LY (ij) Tf20iff€L'andf = 0.

The set < is a multiplicative group; we shall denote by I the identity
operator (=the unit element of ¥).

For every + € &/ we shall denote by pno ;! the measure on 2 defined
by the equations (no77")(E)=u(+"(E)), E € %. The measure o7 'is
clearly absolutely continuous with respect to u (in fact even equivalent to u);
we shall denote by (duor~!)/dy the Radon-Nikodym derivative of po ;-1
with respect to u. For every r € &/ we shall denote by T, the isometry
induced by 7; T, is defined by the equations:

1 dpor7t
Tr f =f oT T
du

It is easily seen that Tr € <. By a theorem of S. Banach (see [ 1, p.178] and
[9) every T € ¥ is induced in the above sense by some automorphism r;
it follows that the mapping r — T, is a representation of the group % onto
the group <. Now for ,, 126 & we have T, = =T., if and only 7,=r..
We deduce that the mapping 7 — T, is an lsomorphlsm of & /R onto Y.

fext

2. In what follows, the term partition (respectively, almost partition) of X
will always mean a finite collection say {A,, ---,A,} of pairwise disjoint sets
such that: (i) A, € %, u(A,,) >0 for each 1 <k <p; (ii) UlskspA,,—X
(respectively, w(lU 1sksp AR =1).

Givenaset Y € 4 with u(Y) >0 and an almost partition A of X, we shall
denote with A MY the “almost partition of Y”’ induced by A; this is obtained
by excluding the sets of measure zero from the collection {A NY| A €a}.
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Let B € 4 and define the symbol 6B to mean B if =1 and CB if 6=0.
Given B,, ---, B,, € 4, the almost partition of X generated by Bj, ---, B,
is obtained by excluding the sets of measure zero from the collection of all
sets of the form nlé,-é,,,é.-B,-, where 3, {0, 1} for 1 =i <m.

Given two almost partitions of X, A, and A,, we say that A, is finer than
A, if for every B € A, there is A € A, such that B C A.

If A’, A” are two almost partitions of X, we shall use the notation A" vA”
for the almost partition of X obtained by excluding the sets of measure zero
from the collection {A NB| A€ A’, BEA" .

If r £ and A is an almost partition of X, we shall denote with rA the
almost partition {r(A)|A € A}.

We shall give below several definitions. It will be convenient, for the pur-
poses of the present paper, to modify slightly the terminology of the note
(7].

Let 1€ &, keEN*={1,2,3,---}; le¢ E, €%, --.,E,EZ and
nEN* ....n,EN*.

DEFINITION 1. We say that (E,, ---, Ey) is an admissible system of order
an almost partition of X (we shall denote this almost partition with
A(r; (Ey, ---,EW; (g, --+,n))); (2) for each 1 £i <k and each x € E,, the
sequence (r/(x))os <. is periodic with strict period (°) n;.

DEFINITION 2. We say that (E,, ---, E}) is an s-admissible system of order
(ny, .-+, ny) for v if: (1) (E,, ---, E}) is an admissible system of order
(ny, ---, my) for r; (2) (duor7")/du is constant (almost everywhere) on each
of the sets of the partition A(r; (E,, ---, Ep); (ny, ---, ny)).

If k=1 and n=n, we shall simply speak of an admissible (or s-admissible)
set of order n for 7.

With this terminology, if E is an admissible set of order n for r, we set

s(E, )= , Sup 1u(f"(E))-

sjsn—

We recall now the following result due to C. E. Linderholm:

(A) Let Y C X be a Lebesgue measurable set with u(Y) >0 and let ¢ be an
automorphism of Y (*). Assume that there is n € N* such that for every y €Y
the sequence (g'j(‘;)'))oé,-<,, is periodic with strict period n. There is then an
admissible set (*) of order n for .

For completeness and since we need this result later, we sketch a proof

(3) Let A be a set, (@j)osj<~ a sequence of elements of A. The sequence (a;)o<j<~ is pen-

odic if there is n € N* such that aj,, = a; for all 0 < j < «. The smallest integer n with this
_property is called the strict period of the sequence (a;)o<j< -

(*) The notions of automorphism, admissible and s-admissible system make sense equally well
for an arbitrary measure space. We shall use these notions, without further explanation, in
the case when the underlying space is Y with the induced measure space structure (Y, By, uy)
(here, By= @B N Y and uy is the restriction of u to By, ie., uy(E)=u(E) for EC By).
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below (see also [5, p.70] and [8, p.117 | for the analogy with the measure-
preserving case).

We may assume that n > 1 (for n=1 the proposition is obvious). We shall
show first that:

(a) Givenany E € %, withu(E) >0andany 1 <j<n-—1,thereis FCE,
F € By, u(F) >0 such that u(F A {(F)) > 0.

Suppose that (a) is not true. There is then E € ¥y with p(E) >0 and
1<i=<n—1 such that the relations F CE, F& @By, u(F) >0 imply
w(F A ¢(F))=0 and hence p(F A ¢ '(F))=0. In, particular, u(E A ¢ UE))
=0. Let now A={xC E| ¢'(x) #x|. Let (D,),<p<- be a sequence of sets
belonging to %y and separating the points of Y. Then

a=En( U pac0)) = U END) & ENTD))
sp<w 1sp<e

and the above considerations imply that u(A) =0. This contradicts the hypo-
thesis of the proposition; therefore («) is proved.

We shall show now that:

(8) Given any G € By with u(G) >0, thereis H CG, H € %y, u(H) >0
such that the sets of the sequence ({(H))o<j<n._1 are pairwise disjoint.

Remark first that the hypothesis of the proposition implies that ¢’ is
conservative (see [5, p. 11]) for each 1 <j <n—1. Let now G € %y with
u(G) > 0. By () thereis F, C G, F, € %y, u(F;) > 0 such that u(F, A ¢(F)))
>0. Since ¢ is conservative, u(F,— {(F})) > 0. Define H,=F,— {(F,); then
H,CG,u(H) >0and H N¢(H)=F. If n=2 we set H=H, and the proof

of (B) is finished.
If n > 2 we proceed by induction. Suppose that for some 1 <k <n—1 we

have constructed a set H, CG, H, & By, u(H;) >0 such that the sets of
the sequence ({/(H})) o< <k are pairwise disjoint. Applying («) we find a set
Fy.1 C Hy, Fyy € By, u(Fiyy) > 0 such that u(Fiy A ¢Y(F,41)) > 0. Since
¢**1is conservative, u(Fiy1— {7 (Fiy1)) > 0. Define Hyy = Fypi— ¢4 (Fry);
we thus obtain a set Hy,; CG, Hy,, € By, u(H,;1) >0 such that the sets
of the sequence ({’(H,41))osj<ks1 are pairwise disjoint. This completes the
proof of ().

(v) There is an admissible set of order n for (. Let &= {ﬁ("’)l B € %y,
u(B) >0, the sets of the sequence ({/(B))os;<n_1 are pairwise disjoint |. By
(8), Zis nonvoid. Now it is easily seen that # is an inductive set for the
natural order relation. Let B, & % be a maximal element; B, must then be
an admissible set of order n for ¢. In fact, otherwise u(Y — (U, sjsn_18(By)))
> 0; letting G=Y —(Uo§,~§,,_1 ¢/(B,)), we note that G € %y, u(G) >0 and

®)For EC @B, F€ B we write E=F if u(E A F)=0. This defines an equivalence relation
in B. For each E € % we denote with E the corresponding equivalence class.
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¢{(G)=G. By (B8), there is B, CG, B, & @By, u(B;) >0 such that the sets
of the sequence (¢(B l)lo sjsn—1are pairwise disjoint. But then if g’ =B, UB,,
we have B’ € ¥ and B, < B’ contradicting the maximality of B,. This com-
pletes the proof of the proposition.

From proposition (A) we deduce:

(B) Let r € ¥ and assume that there is n & N* such that "=e. There are
then E, € 4, ..., E, € Bandn,EN*, -.., n, EN* such that (E,, ---, E})
is an admissible system of order (n,, ---, ny) for r.

Foreach1 <p < « let Y, be the set of all x € X such that the sequence
(7°(%)) 0 55 < = is periodic with strict period p; note that Y, € Zand 7(Y,) =Y.
The hypothesis of our proposition implies that there are integers 1 <n, <
-+-<n, =n such that the corresponding sequence (Y5)1<i<e constitutes
an almost partition of X. Now it is enough to apply proposition (A) to the
set Y, and to 7}y, (=the restriction of 7 to Y,) for each 1 <i <k.

DEFINITION 3. An automorphism 7 will be called periodic if thereisn & N *
such that " =e.

We shall denote #={T=T, € ¥| r is periodic }. It is obvious that for
TE ¥ wehave T € Z if and only if T"=1 for some n EN*.

By proposition (B) above, if r € & is periodic, there are sets E, & %,
-+, E, € 4 and integers n, EN*, ..., n, EN* such that (E,, ---, E}) is
an admissible system of order (n,, ---, n,) for r.

DEFINITION 4. An automorphism 7 will be called strictly periodic if there
is n € N* such that for almost every x € X, the sequence (7°(x))o<;<= is
periodic with strict period n. The integer n will be called the strict period
of 7.

We shall denote #,={T=T,€E ¥| r is strictly periodic }.

We have obviously &, C Z.

By proposition (A) above, if r € 7 is strictly periodic with strict period
n, there is a set E € 4 admissible of order n for r.

The above considerations suggest the introduction of the following two
classes of isometries:

We shall denote with Z the set of all T = T.€ ¥ such that: (1) 7 is
periodic, and (2) there are sets E, € B, --., E, € % and integers n, EN*,
.-+, np € N* such that (E,, -.-, E,) is an s-admissible system of order
(ny, ---,n) for r. We have obviously £ C &.

We shall denote with 2, the set of all T= T,& % such that: (1) 7 is
strictly periodic, and (2) if n is the strict period of 7, there is a set E € %4
s-admissible of order n for r. We have obviously 2, C %, and 2, C 2.

Remark that in the above two definitions condition (1) is in fact a con-
sequence of condition (2). We included condition (1), however, for the sake
of clarity.

The following result will be used later:
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(C) Let T=T, E P (respectively, T=T, € 2) and let A’ be an almost parti-
tion of X. There are then E, € %, ..., E,& % and n,EN*, ..., n,EN*
such that: (E,, ---, E)) is an admissible (respectively, s-admissible) system of
order (ny, .--,ny) for r and A(r; (E, ---,E}); (ny,---,n)) is finer than A’.

Proof. Let (F,, ---,F,) be an admissible (respectively, s-admissible) sys-
tem of order (m,, ---, m;) for r. The sequence (Y)<i<, Where Y=
U sssm—17°(F;) constitutes an almost partition of X. Note that +(Y;)=Y;
for each 1 <i <q. For every 1 <i <q denote with A/ the almost par-
tition of Y; induced by A’: A/=A"NY;; let A =Vogs<m—17°Al. Finally let
{Ei\,---,E;p;} be the almost partition of F; induced by A7: AY N Fi=
{Eiy1, -+, E;p,}. The sequence (E;j)1si<q15jsp; COnstitutes an admissible (re-
spectively, s-admissible) system of order (n;))i<i<q15;<p; (here n;j=m; for all
1 =j <p) for r with the desired property.

DEFINITION 5. Let G CX, H C X be Lebesgue measurable sets with
w(G) >0, u(H) > 0. We shall call Lebesgue mapping of G onto H any bijective
mapping ¢ of G onto H satisfying the following conditions:

(i) if E € %; then {(E) € By and if F € By then {~UF) € DBg;

@ii) p($(E))=(u(H)/n(G)) - p(E) for any E € %.

Remark that {: G — H is a Lebesgue mapping if and only if { ™" H -G is
a Lebesgue mapping.

Let us also remark that given two Lebesgue measurable subsets of X, G
and H, with u(G) > 0 and u(H) > 0, there exists a Lebesgue mapping of G
onto H (use for instance the lemma on p.74 in [5]).

(D) Let m > 1 and (G))o<i<nm @ sequence of Lebesgue measurable subsets of
X with u(G;) >0 for 0 <i <m. For each 0 <i <m, let {; be a Lebesgue map-
ping of G; onto Giy,. Then {n_,o0...0 ¢: Go— G, is a Lebesgue mapping of
Gyonto G,,.

Proof. Use induction on m.

(E) Let Y C X be a Lebesgue measurable set with u(Y) > 0 and let (G) o<i<n_1
(n > 2) constitute a partition of Y. For each 0 <i <n — 1 let {; be a Lebesgue
mapping of G; onto G;,,. Then: (1) The mapping ¢._.: G,_,—G, defined by
Sao1=$0 'o -+~ o {aty is a Lebesgue mapping of G,_, onto G,. (2) The mapping
¢ Y —> Y defined by the equations {(x)={(x) for xE€G;, 0 <i <n—1,isan
automorphism of Y and G, is an s-admissible set of order n for ¢.

Proof. Use proposition (D) above.

In the converse direction we have:

ProPOSITION 1. Let T, € 2 and let (A,, ---, A}) be an s-admissible system
of order (ny, ---, ny) for ¢. Let 1 <i <k such that n; >1. Then:
(1a) For every 0 < s <n;— 1 we have almost everywhere on {*(A)

dﬂof—l =I‘(§J_‘1(Ai))= #(F) _1A' F _@ F 0
G T @4y agmy  FCETALFE L uE) >0
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(1b) For s=0 we have almost everywhere on A;

dpo ¢! (x)=u(§'"i—1(Ai)) _ _u(F)
du u(A) u($(F))’

(1c) In particular,
Cldap: (A) -FTA) forOst<n;—1

FC¢i"Y(A), Fe %, u(F) >0.

and {ni-1,,): (A > A; are Lebesgue mappings.
(2) Forevery 0 <s <n;—1, {j,: A;i—¢'(A) is a Lebesgue mapping and we
have almost everywhere on ¢°(A;)

duo ¢~° u(Aj) u(F)
= = \ FCA, FE @, u(F) >0.
& O ar@y " weay FCAFES B
Proof. (1a) Let 0 < s <n; — 1. We know that (duo ¢~/du) (x) is equal to
a constant a; almost everywhere on {*(A4;). Let now F C{*"'(A), F € %,
then {(F) C ¢°(A;) and we have

p(F)=p(: (s(F)) = f{ma,;, du=a;u(s(F)).
In particular, for F={*"'(A;) we obtain
w(P7UA)) =a;, r('(A)).

Thus (1a) is proved.
(1b) can be proved similarly (we need only remark that ¢({*%~(A;))=A4A)).
(1c) follows from (1a) and (1b).
(2) is a consequence of (1c) and proposition (D) above. This completes
the proof of Proposition 1.

3. We shall consider on ¢ the topology -7 induced by the strong opera-
tor topology of AL!, L). Let T, € ¥. A fundamental system of neighbor-
hoods of T, in 7 is given by the collection of all sets of the form

V(To; By, ---,B)={T € Z| |Tos,— Todgl| <¢, 1 =i =n},

where ¢ >0, n €N*, B,€ B,.--,B,E B are arbitrary (for B E B we
denote by ¢35 the characteristic function of the set B).

If A={A,, ---, An}is an almost partition of X, we shall use the notation
V(Ty; ¢; A) for the neighborhood V(T e; Ay, --+,An) of To.

REMARKS. (1) Let To€ ¢ and ¥ C % dense in #(°). A fundamental

(% For the topology defined by the semi-distance (E, F) — u(EAF).
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system of neighborhoods of Tyin .7 is given by the collection of all sets of
the form V(Ty; ¢; E,, -+, E,), where e >0, n EN*, E, € ¥, ..., E, € ¥ are
arbitrary. (2) Let T € ¥,¢ >0,B,, ---, B,& % and A’ an almost partition
of X finer than the almost partition of X generated by By, ---, B,. There is
then 0 <¢ <e such that V(To¢';4") C V(Tg;¢; By, -+, By).

Proof. (1) Consider the neighborhood V(Ty;¢; By, -- -, B,) of T, and choose
E.€%,...,E, & & such that u(B;AE)) <¢/3, 1 <i <n. We then have

V(To; ¢/3; Ey, ---,E,) C V(Ty; ¢; By, ---, By).
In fact, if T& V(Ty; ¢/3; Ey, ---,E,) then
1To5,—Tods | = | Tos,—Tox | + | Tor—Toss, | + | Tod 5;— Toss |
SuBiAE)+ | Tog— Tods, | +u(E: A B)

Se/3+€/3+¢/3=c¢

and thus T € V(Ty;¢; By, ---, B,).

(2) Assume that A’={A,,--.,A,|. For each 1 <i <n, there is a set
JiC{l,---,p} such that B;= UjeJ,' A;. Take ¢ =e¢/p and consider the
neighborhood V(Ty;¢';A”) of Ty For T E V(Ty;¢;A’) we have

| Tos,— Toogl = > | Toa—Topall Sp-¢ =
JEJ;
and hence V(Ty;¢’;4") C V(Ty;¢; By, ---,B,).
For further reference we shall collect several useful properties of .7 in the
following proposition, which we give without proof (see also [5, pp. 62-64 |
and (8, p.123] for the analogy with the measure-preserving case):

PROPOSITION 2. (1) & endowed with 7 is a topological group.
(2) If <\E,E,,---,Ey,--- | C B is dense in B, then the formula

= 1
d(S, T) =3 o5 (1S5~ Ton| + IS o5~ T"e5]), S, TE ¥,

defines a distance on & compatible with the topology 7 ¥ is complete with
respect to the distance d, hence in particular ¥ is a Baire space.

From now on, all the topological considerations concerning ¢ will refer to
the topology 7.

We shall make use below of the following unpublished result due to C. E.
Linderholm:

(F) LINDERHOLM’S APPROXIMATION THEOREM. Let 1 € %/ and ¢ > 0. There
is then £ € ¥ periodic such that u({x| £(x) #r(x) }) <e.
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We shall now state and prove

ProposITION 3. (1) For any 1 € &, ¢ € & and B € % we have
IT. 65— Teosll <2u(B N {x| 7(x) #£(x) ) < 2u({x| 7(x) #£(x) }).

(2) In particular, & is dense in ¥ .

Proof. (1) Let H= {x| 7(x) =¢(x) {and G=r(H) =t(H).For F CG,F € %,
we have 77'(F)=¢"'(F) and hence

or! o ¢!
f du (x) du(x)= f ot (o) dux).
Fdu r du

This shows that

duor-l _dﬂ°f—l
& (x)= du

Now ¢p=dpnu+ ¢8ncy and (B NH)=&B NH) CG. If follows that

duor? duot!
T.¢nH= duBrm) #dT = ¢uBnH " “ds =T é8nH )
m m

(x) for almost every x €G.

and thus
| T.65— Ti¢s|l = T.08nc — TedBncall =2u(BNCH) = 2u(CH).

Thus (1) is proved; (2) is an immediate consequence of (1) and proposition
(F) above. This completes the proof of Proposition 3.

PROPOSITION 4. The set 2 is dense in <.

Proof. The proof will be divided into two parts. We shall show first that

(I) The set of all T= T, € Z for which (duo ¢ 1) /dy € & = is dense in ¥.

By Proposition 3 it will be enough to show that given r € 7 periodic and
e >0, there is { € ¥ periodic such that (duo ¢ /dy €EZ = and

p({x]r(x) = ¢(x) ) S e

Since r is periodic, there is n € N* such that " =e and we may actually
assume that r"=e. We may also assume that n > 1 (if n=1 there is nothing to
prove). Consider the measure v= 4 <;<._1p0r'; v is absolutely continuous
with respect to u. Hence, given ¢ >0 there is 5, >0 such that the relations
A EDand u(A) <5, imply »(A) <e. Choose now 1 <N < « large enough
that n({x|(duor ") (x)/du > N{) <4, and let A=|x|(duor7")(x)/du> N},
B=Usisn17(A). We have u(A) <5, hence u(B) <»(A) <¢; also 7(B)
= B. Define now { by the equations

(7) For f&c & 1, g€ l, the notation f = g means that f(x) = g(x) for almost every
xe X.
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7(x) for x €CB,

) {x for x €B.
It is easily verified that { € &7, ¢ is periodic, (duo ¢ '/du)(x) < N almost
everywhere, and that u({x| 7(x) #{(x)}) <e.

(II) The set 2 is dense in <.

By (I) it will be enough to show that given T, € % for which (duo ') /du
€ & ~ and given a neighborhood W of T, there is T, & 2NWw.

By proposition (C) and Remark (2) above, there are: ¢ > 0, sets E, €& %,
-, E, E % and integers n, EN*, ...,n, EN* such that (E,, ---,E,) is an
admissible system of order (n,, ---,n,) for ¢ and such that

V(T 6 A(S; (B, -+, ER); (ny, ---,n)) CW.

We may also assume that h(x) = (duo ¢ ~!/dy)(x) < N < « for every x EX.
We shall now define an automorphism ¢ with the desired properties.

Letl <i <&k

Suppose first that n; > 1. Consider the finite sequence (k)< <n;—1 of func-
tions, where h;=ho¢* for 0 <s < n;— 1. Choose an almost partition A;=
{Hiy, -+, Hi,,} of E; such that for each 1 <j < p; the relations x,y € H;,
imply |hy(x) —h(y)| <e¢ for 0 <s <n;— 1. This means that for each
1 <j=<p;and each 0 <s <n;— 1 we have

(%) tu € ¢(H,) => |h(t) —h(u)| <e

Fixnow 1 <j < p;. Foreach0 <s <n;,—1, let {;;, be a Lebesgue mapping
of {*(H;;) onto ¢**'(H,;). Define the mapping £; ;-1 of ¢" '(H;;) onto H;;
by the equations: Ei.jﬂli"1= 21_11,0 if n;= 2 and Ei,j.n,'—l= E:;l,o ©...0 fi_.J!,ni—Z if n; > 2.
By proposition (E), £;; ., is also a Lebesgue mapping.

If n,=1, we take H; ;=E,; (p;=1 in this case) and we define {;; o(x) = {(x)
=x for x€ E,.

We can at last define the automorphism ¢ as follows: £(x) =&, (x) if
xE(H;j) forsomel =i <k, 1 <j <p;, 0 =<s =n;— 1, and £(x) =x other-

Thus T, € 2. It remains to show that T, & W. We shall show that T,
EV(T;6 A5 (Ey -+, E; (ny, -+, n4)).

Let1 =i =k:

If nj=1, then T,¢5=¢g=T;¢r and there is nothing to prove.

If n;>1and 0 <s <n;— 1, we have E;=U 5, H;; and hence {*(E)
EUléjépi ¢(Hij). We deduce

I Tcs s, — Tyl = 22 | Te¢§s(Hl.,j)— T"¢r3<Hi,j)"'

lsjsp;
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Thus it will be enough to prove the inequalities

(g H(Hp) 0S5 <mi—1,

() Teor ) — Trogal é{w(H‘.J) Fsmmi— 1

CASE 1.0<s<n;— 1.
In this case we have

u(¢*(H;,))
TE ¢§8(Hi,j)=¢fs+l(ﬁi,j) . m ’

- 1
Tiopw =0 w)- h

and by (%),

" T(d’fs(Hi,j) - Trd’rs(Hi,j) “

= 1

js’; * (H; j)

= f o |m
rs+ (H; j)

Seu(TU(HY).

h— ﬂ({s(Hi,!')) d
w(eTU(H, )

1

_ . hduld
w(¢IH, ) Jgﬂ(,,,.,,., 1

CASE 2. s=n; — 1.
By a similar computation, using (*), we get

" TE‘/’;"""I(H,-J)— Trd’;""_l(n,-,j)" s ee(H).

Thus the inequalities (+x) are proved and hence the proposition is com-
pletely proved.

4. We shall now prove our main approximation theorem:

THEOREM 1. The set 2, is dense in <. Moreover, given S € ¥, a neighbor-
hood W of S and p EN*, there is T, € 2, N W such that: (1) the strict period
nof ¢is > p; (2) there exists an s-admissible set E of order n for ¢ such that
o(E, ¢) <1/p.

Proof. We may assume without loss of generality that W is an open
neighborhood of S. By Proposition 4 there is T;€ Z N W. By proposition
(C) and Remark (2) at the beginning of §3, there are: ¢ >0 and an s-
admissible system (E,, ---,E,) of order (n,,---,n;) for = such that

V(T,; 6 A(r; (Eyy -+, Ep)s(ny, - --,n))) C W.
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Choose an integer m verifying the inequalities:

m>p, =

N~

1
m

Foreach 1 =i <k, divide the set E; into m measurable sets Y;,---, Y,
of equal measure: u(Y,;)) =p(E)/m, for 1 <£j <m. Denote

G,"j‘s=Ts(Y,"j), 1 §l ék, 1 é] <m, 0=s=n;—1.

Let us now introduce an order relation among the sets G;;,. We say that
G.;, precedes G; ; . if lexicographically (i,j,s) <(i’,j’,s’)(this means that:
either (1) i <i’,0or (2) i=1"butj <j’,or(3) i=i’,j=j’, but s <s’). Remark
that this defines a total order. Hence we can arrange the sets G;;, in a se-
quence according to this order: G, - - -, G._,, where Go= G\ 1,0, Gn—1= Gy n, 1
and n=m(Q_,<;<xn:). Foreach 0 <t <n — 1, let {, be a Lebesgue mapping
of G, onto G,,,. Define the mapping {,_;: G,_,— G, by the equations: ¢,_,
= lifn=2and {, ;= {5'o---0{,5if n > 2. Then ¢,_, is also a Lebesgue
mapping (use proposition (E) above). Define the mapping {: X — X by the
equations: {(x) = {(x) if x €G, for some 0 <t <n — 1, and {(x) =x other-
wise. By proposition (E), ¢ is an automorphism and E= G, is an s-admissible
set of order n for {. Thus T, E £ ,. Remark also that the strict penod nof ¢
verifies the inequality:

n=m( > n,«)im >p.
1sisk

Thus (1) is satisfied. On the other hand, we have for the s-admissible set
E= Go of g'

o(E, §)= sup u(G).

0<t=n-1

But each of the sets G, is of the form G;;;=17°(Y;;) for some 1 <i <k,
1<j=<m,0<s =n;—1, and by (2), Proposition 1,

(%) w(r(Yi))) = —y(rs(E)) <

'c_l»-—*

1
;
Thus T verifies also (2).

It remains to show that T, € W. For this it will be enough to show that
T, € V(T,; 6 Alr; (Ey, -+, ED; (R, -+, 1))

Let 1 <i <k

Case 1. 0<s<n;— 1.

Remark that 7%(E;) = Ul <j=m7(Yij)= U, <j< m Gijs; using the relations
(*) and (1a), Proposition 1, we get



1965] CLASSES OF TRANSFORMATIONS IN ERGODIC THEORY 273

G,
T¢55)= T b .. = G
P& 1§;Z;m ¢DG; j s léjémtba,,,,m #(Gi,j,s+1)
_ . BEYL)) ,  W((E))
Zm"’ Yl Ly @Y L)) Zm"’ i) W FTED).

(r°(E))
= ¢1S+I(E,') “I‘(‘Ts (E,)) = Tr ¢fs(Ei)'

Hence in this case

| T:¢,’(Ei) - T.¢ &l = 0.

CASE 2. s=n; — 1.
Remark that " '(E)= Uigjen (Yi)) = Ul§j§mGi,j_ni—1; using (1a),
(1b) of Proposition 1 and the relations (+) again, we get

i—1 — —_
T"¢"n' (E))= . Z Ti"bci,j,n,'—l - Z Tf ¢Gi,j,n,'—l+ T!’¢Gi,m,ni—l

Sjsm 15j<m

— #(Gi.j.n.‘—l)
2 66400 P(APE + T166i mn;—1

1gj<m

(Y
= Z by i u (Y,)

I + T, 1y,
1sj<m (Y1) J Yim)

_ u(z""UE))) )
= . SIZ;’"‘I’Y.',;'+1 : W‘*‘ Tr¢r"'_l(Yi,m)

p(=""Y(E))
U vij  w(E) + Tf‘b,"i“m,m»'

1<jsm

Also,

nj—1 Ei
T”d’r"i_l(Ei) = ¢Ei . "(_T_M

u(E))
_ r(E"NE)) ~ u(TNEY)
P U B ML)
_ u(" N (E)) _
—¢1 U v, u(E) + Tontoy.
<Jsm

We deduce that
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I T;d"n,'-l(E‘,)— T’¢r"l’”(£;)" = | T;‘d’rni—l(yi,m)_ T, ¢,"i—1(yi’l) I

(N Y m) + @Y )
2

~ 2By <2 s
m m
This shows that T, € V(T,; ¢; A(r; (Ey, --+, Ep); (04, ---,n))) and thus com-
pletes the proof of the theorem.
REMARK. Concerning the above proof see also [5, p.65] and [8, p.124],

for the measure-preserving case.
PartI1

1. For each TE€ ¥ and (n, m) EN* X N*, n <m, define the function
T®™ & & by the formula

T™™(x)= sup Tj—uf) .

n<js<m

Using the fact that ¢ is a topological group (see Proposition 2, (1)), one can
easily deduce that the mapping T— T™™ of ¥ into % is continuous, for
each (n,m) EN*X N* n <m.

THEOREM 2. (1) For each k & N * let

#= N {regammost].
ksnsm 5

The set ¥, is closed and nowhere dense in <. (2) The set .#=U renA is

a set of first category in the Baire space ¥ .

Proof. It is enough to prove (1), since (2) is an obvious consequence of (1)
(see also Proposition 2, (2)),

Let k € N*. Since the mapping T —T"™™ of ¥ into % is continuous for
each (n, m) EN* X N*, n <m, it is obvious that _#} is closed in <. We
shall show now that _#, is nowhere dense in ¥:

Let SE _#, and let V(S; ¢; B,,---,B,) be a neighborhood of S (here
obviously ¢ >0 and B, € 4%, ---,B, € ¥).

Choose an integer p satisfying the inequalities:

p >k,

By Theorem 1, there is T,E 2, N V(S; ¢/2; By, ---,B) such that: (1)
the strict period n of ¢is >p; (2) there exists an s-admissible set A of order n
for ¢ such that 6(A, ¢) <1/p. We may obviously assume also that
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U ria)=X.
0<sssn-1

Using ¢ we shall construct a new automorphism ¢ such that T,
€ V(S;¢; By, --+,By) and T, & #,. Let

o= inf LW _

0sssn—1 “(g‘s(A)) ’
Construct now a partition {Fy, Fy,---,F,} (r >1) of A such that
1
(a) #(Fo) = 5 #(A)’

cu(Fy) 1
(ﬂ) #(Fj) §n—' ]+—1

This is possible since the series Z j (b/(j+ 1)) (here b= (cu(Fy))/n) diverges.

forisj=sr.

=2J=anV=83

Foreach0<j<r,0<s=<n-—1let
Gj.=¢'(F).

As before, we can introduce an order relation among the sets G;,: we say
that G;, precedes G, if lexicographically (j,s) <(j’,s’) (this means that
either j <j’ or that j=j’ but s <s’). This defines a total order. Hence we
can arrange the sets G;, in a sequence according to this order. This sequence
consists of n(r + 1) elements, the first one being G, ,=F, and the last one

=JanVsss

of Lebesgue mappings as follows:
For 0<j=<r, 0<s<n—1, define §,= {s (by (1c), Proposition 1,
§igis is a Lebesgue mapping of G;, onto Gj,,).

For0 =j <r,s=n—1, let ,_, be any Lebesgue mapping of G;,_, onto
Gj+1,0-

The last Lebesgue mapping &, i: G.no1=¢""'(F,) —Go=F, is now
uniquely determined by the previous ones, as in (1), proposition (E). Define
the automorphism ¢ by the equations £(x)=¢;,(x) if x €G;, for some
0<j=r0=s =n—1.By (2), proposition (E), Gyo=F, is an s-admissible
set of order n(r + 1) for ¢£&. Remark also that

(x| ) = t0)= U ¢ Y(F)=¢"1A).
0sjsr

We deduce that

w({x] &) =¢(x))) < u(i"N(A) S8(A, ) < gi—

T
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and hence by (1), Proposition 3, that T, € V(T; ¢/2; B,,---,B,). Since
T, € V(S; ¢/2; B,,---,B)), it follows that T, € V(S; ¢ B,,---,B). Thus
the first assertion concerning T is proved. It remains to show that T, & _#.
For this it will be enough to show that:

(y) There is a set K € 4, u(K)= 1 such that for almost every x €K

t
T¢r, (%)
su —_—
nstsn(r+1)-1 t

v

1.

In fact, suppose for a moment that () is proved. Since T is a positive opera-
tor, we deduce from (v) that

T +0-0(x) > 1 for almost every x € K.

But this implies
p(TE(n,n(r+l)-—l)’ 0) =f
X

TE(n, n(r+1)— l)(x)
1 + Tf(n,n(r+ 1)— 1)(x)

T(n,n(r+1)—l)(x) f 1 1 1
> ; St 1.1
_L1+Tg"'""+1"l’(x) du(x) 2 T 1 du 1 > 5

and since n > p >k, this shows that T, ¢ _#),, as asserted.
Let us now prove (v). Let

B= UF and K= U ¢@B).

1<sjsr 0sssn—1

du(x)

\

By condition («) above and by (2), Proposition 1, we have

WE)= T wEB)= T (@)=

0<ssn-1 0_S_s§n—l2
Remark also that
C(F)=¢vT(Fp) for 0<j<sr, 0<s=n-1

(this formula can be easily verified by induction). It follows that

k- Ued- U e(UR)- U (Uem).

0<s<n-1 0<s<n-1 1<jsr 0<ss<n-1'1sjsr
For every 0 Ss<n—1,1=<j=<r we have
dpof_("”'s)
(Fp) dy

By (2), Proposition 1, and condition (8) above, we have almost everywhere
on £V1(Fy):

nj+s _ .
TY OF= ¢Enj+s
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dﬂof_(nj-H)(x) - ﬂ(FO) _ Il(FO)
du p(EVT(F))  p(EF)

w(Fo) w(F) _ w(Fy) u(A)
w(F)  w(EF))  w(F) u((A))

w(Fo) >n(j+ 1) . .
y(F,-) c = - -¢c=nj+n>nj+s

I\%

and hence

T gr(x) wits
nits = 1 almost everywhere on £¢V1(Fy).

Thus (v) is proved. This completes the proof of Theorem 2.

2.Let T=T,E ¥.Wesay that T admits a totally s-finite invariant meas-
ure equivalent to u if there is a totally s-finite measure » on 4, invariant
under 7 (i.e., satisfying vo 7 '=») and equivalent to u. We say that the
individual ergodic theorem holds for T if for every f€ & !,

im(, %, T/

exists almost everywhere.
From Theorem 2 we deduce:

THEOREM 3. The set of all TE ¥ for which the individual ergodic theorem
holds is a set of first category in & ; hence, the set of all T & & which admit a
totally o-finite invariant measure equivalent to u is a set of first category in <.

Proof. Let T & ¥ and consider the following assertions:

(a) T admits a totally o-finite invariant measure equivalent to u.

(b) The individual ergodic theorem holds for T.

(¢) lim,_ ., T"1(x)/n = 0 almost everywhere.

@ Te A
(Here #= U ,cn-#; is the set of Theorem 2.) The theorem will be proved
if we show that we have the implications: (a) => (b) => (¢)=> (d).

(a)=> (b). Let T=T, € ¥ admit a totally o-finite measure » invariant
under r and equivalent to u. Denote by g the Radon-Nikodym derivative of u
with respect to »:

du

g=a-
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Then (using Theorem C on p. 163, Theorem B on p. 134 and exercise (2) on
p.136 in [4]) we can write for each 1 < n < «:

H(T_"(E))—_'f_ gdv= ¢E0‘r"-gdv= ¢E~go1'_"dv

"®)

. gor "
=f¢£.g°1 -Ed#—L g dﬂ, Ee g.

Thus (see also [3, p.751]):

duor™ _ gor™"

foreach1 £ n < .
du

Let now f€ < '(u)(®). Then (use Theorem B on p.134 in [4]),
f-ee £'WO

and foreach1 £n < «

ST T ) g6 )
=0 Jj=0

n gl n

We deduce that lim,_.(Q o<j<n 1 T'f(x))/n exists v-almost everywhere
(since 7! preserves the measure ») and hence u-almost everywhere (since
w and v are equivalent). Thus (a) => (b) is proved.

(b) => (c¢) is an immediate consequence of the well-known fact that
lim,_. (a,/n) =0 for a sequence (a,),<n<. of real numbers which converges
Cesaro to a limit.

(c) => (d). Let T € ¥ be such that lim,_.(7T"1(x)/n) = 0 almost every-
where. Then sup, <. ..(T"1(x) /j) is finite almost everywhere, and we may ac-
tually assume that it is finite everywhere. Thus F, = sup,<;<.(T'1/j) € &
foreach 1 < n < « and lim,_,., F,(x) = 0 almost everywhere. It follows that
lim, .. p(F,,0) = 0; there is then k © N* such that p(F},0) < 1/5. We deduce:

Esns=m=>T""(x) < Fy(x) forallxeX
= p(T™™,0) < p(F},0) g% .

This shows that T € _#), and thus (c) => (d) is proved. Hence the theorem
is completely proved.
REMARK. In connection with Theorem 3, see [2], [6], [10].

(®) To avoid ambiguity, we denote here with & r(u) and & ‘(v) the spaces of u-integrable
and v-integrable functions, respectively.
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